The main pupose of this paper is to fully characterize continuous concave functions ψ such that the corresponding Marcinkiewicz Banach function space M ψ is a Grothendieck space.
Introduction
One of the results obtained by A. Grothendieck in his seminal paper [8] , is that in the dual space C (K) * of C (K), where K is an extremally disconnected compact Hausdorff space, any weak- * convergent sequence is weakly convergent ([8] , Théorème 9) . This result has motivated to term a Banach space X a Grothendieck space (or, X is said to have the Grothendieck property) whenever each weak- * convergent sequence in the Banach dual X * is weakly convergent. For example, it was shown by G.L. Seever [20] , Theorem B, that C (K) is a Grothendieck space for any compact Hausdorff F -space. It should also be noted that it follows from Grothendieck's result that any L ∞ (µ), where µ is a σ-finite measure, is a Grothendieck space (as L ∞ (µ) is isometrically isomorphic to C (K) for some extremally disconnected compact Hausdorff space K). Other examples of Grothendieck spaces include the Hardy space H ∞ (D) (see [3] ) and von Neumann algebras (see [19] , Corollary 7) . For more information concerning Grothendieck spaces we refer the reader e.g. to the book [18] , Section 5.3, and the references given there.
In [14] , H.P. Lotz proved that weak-L p spaces L p,∞ (µ) with 1 < p < ∞, where µ is a σ-finite measure, have the Grothendieck property. Actually, Lotz provided a general criterion for Banach lattices to be a Grothendieck space (see Theorem 4.3 below), which is then applied to weak-L p spaces.
In this paper we show that Lotz' criterion can be used to exhibit a large class of Marcinkiewicz spaces M ψ (for a definition, see the beginning of Section 5) which are Grothendieck spaces (see Theorems 5.6 and 6.3 below). This class of Marcinkiewicz spaces includes the weak-L p spaces (see Corollary 6.4).
We have chosen to include an "alternative" proof of Lotz' theorem (Theorem 4.3), based on a general result in Banach lattices (see Proposition 3.8 below), as we find this approach more transparent than the original proof of Lotz. The reader interested in further details concerning the Grothendieck property in Marcinkiewicz spaces is referred [1] , where some results from this article are also presented (with different proofs). It seems to be an interesting open question whether the results presented in this article also hold for noncommutative Marcinkiewicz spaces. Finally, we mention that all Banach lattices considered in this paper are assumed to be real. However, it is easily verified that all results extend to the complex situation (via complexification). The authors thank Jinghao Huang for useful discussions of the results presented in this article.
Preliminaries
In this section we introduce some notation and terminology that will be used. Given a Banach space (X, · X ), the dual Banach space is denoted by (X * , · X * ) and, for x ∈ X and x * ∈ X * , we write x * (x) = x, x * . The weak topology in X and the weak- * topology in X * will be denoted by σ (X, X * ) and σ (X * , X), respectively.
Let (Ω, Σ, µ) be a σ-finite measure space. The space of all (equivalence classes of) µ-measurable R-valued functions on Ω is denoted by L 0 (µ). For any f ∈ L 0 (µ), the distribution function
The function d |f | is decreasing and right-continuous. The decreasing rear-
and is decreasing and right-continuous. Furthermore, the distribution function of f * (with respect to Lebesgue measure m on [0, ∞)) is equal to d |f | (i.e., |f | and f * are equimeasurable). It should be observed that if µ (Ω) < ∞, then f * (t) = 0 for all t ≥ µ (Ω) and f ∈ L 0 (µ). The notions of distribution function and decreasing rearrangement are only of interest for functions f ∈ L 0 (µ) for which there exists s 0 > 0 such that d |f | (s 0 ) < ∞. The space of all such functions is sometimes denoted by S (µ). If f ∈ S (µ), then lim s→∞ d |f | (s) = 0 and f * (t) < ∞ for all t ∈ (0, ∞). For further properties of decreasing rearrangements we refer the reader to the books [2] and [10] (see also [17] ). In particular, we recall that if the measure µ is atomless, then
If (Ω, Σ, µ) and Ω ,Σ,μ are σ-finite measure spaces and f ∈ L 0 (µ),
then we say that f is submajorized by g, which is denoted by f ≺≺ g.
The following result may also be deduced via Lemma 2.3 in [5] . For the reader's convenience, we include an indication of the proof. The map D 2 : L 0 (0, ∞) → L 0 (0, ∞) is the dilation operator given by (D 2 f ) (t) = f (t/2), for t ≥ 0 and f ∈ L 0 (0, ∞).
Proof. First we observe that if f 1 , f 2 ∈ L 0 (0, ∞) + , then
(cf. [12] , Lemma 3.3.5). Indeed, let A, B ⊆ (0, ∞) be measurable with m (A) ≤ t 1 and m (B) ≤ t 2 . Then
and hence, (5) follows via (2) . (2) and (3), in combination with (5), we find that
Since this holds for every A ∈ Σ with µ (A) ≤ t, it follows from (2)
Using that f 1 ∧ f 2 = 0 and f * 1 = f * 2 = f * , it easily verified that
Therefore, we may conclude that (4) holds.
Let (Ω, Σ, µ) be a σ-finite measure space. A Banach function space over (Ω, Σ, µ) is a linear subspace E of L 0 (µ), which is also an ideal (i.e., f ∈ L 0 (µ), g ∈ E and |f | ≤ |g| imply that f ∈ E), equipped with a norm · E satisfying f E ≤ g F whenever |f | ≤ |g| in E and such that (E, · E ) is a Banach space. The notion of Banach function space goes to the Ph.D. Thesis of W.A.J. Luxemburg [16] . A concise introduction into the theory of Banach function spaces may be found in Chapter 15 of the book [21] . See also [2] ; however, we like to point out to the reader that in this book a Banach function space has, by definition, the Fatou property. A Banach function E ⊆ L 0 (µ) has the Fatou property if it follows from 0 ≤ f n ∈ E, f n ↑ n and sup n f n E < ∞ that there exists f ∈ E + such that f n ↑ n f and
For the theory of rearrangement invariant Banach function spaces we refer the reader to the book [2] and [10] (see also the seminal article [17] ). A rearrangement invariant Banach function space E is called fully symmetric if it possesses the stronger property that f ∈ L 0 (µ), g ∈ E, and f ≺≺ g imply that f ∈ E and f E ≤ g E . Every rearrangement invariant Banach function space over an atomless measure space with the Fatou property is fully symmetric (see e.g. [2] , Theorem 2.4.6). Any fully symmetric Banach function space is exact interpolation space between L 1 and L ∞ (see e.g. [2] , Theorem V.1.17). In particular, any conditional expectation operator is a contractive projection in such spaces.
Some Banach lattice results
In this section we obtain some auxiliary results concerning Banach lattices which will be used in the sequel. Let (E, · E ) be a (real) Banach lattice with dual Banach lattice (E * , · E * ). For the general theory of Banach lattices, we refer to the books [22] and [18] . First we recall some terminology and notation.
A subset A of E is called solid if |x| ≤ |y|, with x ∈ E and y ∈ A, implies that x ∈ A. The solid hull of a set A ⊆ E is denoted by sol (A) and is given by
Given a non-empty bounded subset
It should be noted that ρ A = ρ sol(A) . If x ∈ E, then we write
The following result, which will be used in the proof of Proposition 3.8, goes back to O. Burkinshaw and P.G. Dodds [4] (see also [18] , Theorem 2.3.3).
Theorem 3.2 Let E be a Banach lattice. For non-empty bounded solid sets
A ⊆ E and B ⊆ E * the following statements are equivalent.
For proof of Proposition 3.8 below, the following three simple observations will be useful.
then there exists a subsequence x n j of (x n ) and a subsequence
> ε. This completes the proof (by induction).
From now on, E will be a Banach lattice.
This shows that ∞ n=1 x n , x * < ∞. Hence, x n , x * → 0 as n → ∞ for all x * ∈ (E * ) + . This suffices for a proof.
Proof. Using the observation made in Remark 3.1, we write
Consequently, N ≤ 2 u 0 , y * /δ.
If D is almost order bounded with respect to ρ u 0 , then there exists an M ∈ N such that each disjoint system in D contains at most M elements.
It will be convenient to introduce the following terminology.
Proof. For n ∈ N, define the functionals w * n ∈ E * by
Let E u 0 be the principal ideal in E generated by u 0 , i.e.,
which is a Banach lattice with respect to the order unit norm · Eu 0 , given by
Note that the embedding of E,
. Let ϕ n be the restriction of w * n to E u 0 , for n ∈ N. Since ϕ n ≥ 0 and u 0 , ϕ n = 1, it follows that ϕ n E * u 0 = 1 for all n. Moreover, the sequence
It follows from Corollary 3.6 that the set {ϕ n } ∞ n=1 , and hence B, is not almost order bounded in E * u 0 with respect to ρ u 0 = ρ A . Therefore, condition (i) in Theorem 3.2 fails and hence, condition (iii) is not fulfilled. Consequently, there exists a disjoint sequence (
, we may replace x n by |x n | and so, we may assume that x n ≥ 0 for all n.
Furthermore, by passing to a subsequence of (x n ) ∞ n=1 if necessary, we may assume that there exists an γ > 0 such that
Setting ε = δγ, it follows that
It follows from Lemma 3.4 that x m → 0 weakly as m → ∞ and hence, Lemma 3.3 implies that there exist a subsequence (x m k ) of (x m ) and a subsequence u * n k of (u * n ) such that x m k , u * n k > ε for all k ∈ N. Setting v k = x m k , the proof is complete.
Next we discuss a condition on a Banach lattice (E, · E ) implying that the dual Banach lattice E * has order continuous norm. Recall that a Banach lattice E is called quasi-uniformly convex if there exists a constant 0 < α < 1 such that 1 2 (u + v) E < α whenever u, v ∈ E + satisfy u∧v = 0 and u E = v E = 1 (see [9] , Definition 3.31). In his article [15] , G. Ja. Lozanovskii states that for any quasi-uniformly convex Banach lattice E the dual space E * has order continuous norm. Since we were not able to trace a proof of this statement in the literature, we include a proof. In this proof we use the following fact (see e.g. [18] , Theorem 2.4.14): E * has order continuous norm if and only if every disjoint sequence (x n ) ∞ n=1 in E with x n E ≤ 1, for n ∈ N, satisfies that x n → 0 as n → ∞ with respect to σ (E, E * ). Proposition 3.9 If (E, · E ) is a quasi-uniformly convex Banach lattice, then the norm of the the dual Banach lattice (E * , · E * ) is order continuous.
Proof. Suppose that E is quasi-uniformly convex and let 0 < α < 1 be such that 1 2 
It is readily verified that this implies that
Suppose that E * does not have order continuous norm. Then there exists a disjoint sequence (x n ) ∞ n=1 in E such that x n E ≤ 1 for all n and x n n 0 with respect to σ (E, E * ). So, there exists ϕ ∈ E * , with ϕ E * = 1, such that x n , ϕ 0 as n → ∞. Since | x n , ϕ | ≤ |x n | , |ϕ| for all n, by replacing ϕ by |ϕ| and x n by |x n |, it may be assumed that ϕ ∈ (E * ) + and that x n ∈ E + for all n. Furthermore, by passing, if necessary, to a subsequence of (x n ), it may be also assumed that there exists 0 < ε ∈ R such that x n , ϕ ≥ ε > 0 for all n.
We claim that for each k ∈ N ∪ {0}, there exists a disjoint sequence y k n ∞ n=1 in E + such that y k n E ≤ α k and y k n , ϕ ≥ ε for all n ∈ N. Indeed, for k = 0, define y 0 n = x n (with α 0 = 1). Suppose now that k ∈ N ∪ {0} is such that the sequence y k n ∞ n=1 has the stated properties. Defining
is a disjoint sequence in E + . It follows from (6) that y k+1 n E ≤ α k+1 for all n. Furthermore,
This proves the claim. Let k ∈ N be such that α k ≤ ε/2, then, in particular,
which is a contradiction. Therefore, it may be concluded that the norm in E * is order continuous.
A theorem of Lotz
In this section we exhibit a proof of a theorem of H.P. Lotz [14] providing sufficient conditions for Banach lattices to have the Grothendieck property.
The following observation will be used.
Lemma 4.1 Let X be a Banach space and (x * n ) ∞ n=1 be a sequence in X * . If x * n 0 as n → ∞ with respect to σ (E * , E * * ), then there exist a subsequence (x n k ) ∞ k=1 of (x n ) and a δ > 0 such that for each finite set F ⊆ N there exists x F ∈ X such that x F X = 1 and x F , x * n k ≥ δ for all k ∈ F . Moreover, if X = E is a Banach lattice and x * n ≥ 0 for all n ∈ N, then we may take x F ≥ 0.
Proof. Since x * n 0 with respect to σ (E * , E * * ), there exists x * * ∈ X * * with x * * X * * = 1 such that x * * , x * n 0 as n → ∞. There exists a subsequence x * n k ∞ k=1 of (x * n ) ∞ n=1 of such that
for some ε > 0. By Goldstine's theorem (see e.g. [7] , Theorem V.4.5), the unit ball B X is dense in B X * * with respect to σ (X * * , X * ) and so, there exists a net (x α ) α∈A in B X such that x α → α x * * with respect to σ (X * * , X * ), i.e., x α , x * → α x * * , x * for all x * ∈ X * . Therefore, if F ⊆ N is a finite set, then there exists
and so we may take δ = ε/2. If X = E is a Banach lattice and x * n ≥ 0 for all n ∈ N, then
and |x F | E = x F E = 1. So, in this case, we may replace x F by |x F |. The proof of the lemma is complete.
A crucial ingredient in the proof of Lotz' theorem is the following result due to B. Kűhn [11] (see also [18] , Theorem 5.3.13, (C)). Recall that a Banach lattice (or, Riesz space) E is said to have the σ-interpolation property (or, Property (I), [18] , Definition 1.1.7) if for any two sequence (x n ) and (y n ) in E satisfying x n ≤ x n+1 ≤ y n+1 ≤ y n for all n ∈ N, there exists z ∈ E such that x n ≤ z ≤ y n for all n ∈ N. Evidently, every Dedekind σ-complete Banach lattice (or, Riesz space) has the σ-interpolation property. (ii) E * has order continuous norm and u * n → 0 with respect to σ (E * , E * * )
The following theorem is due to H.P. Lotz [14] . in G there exists v ∈ E + such that T n x n ≤ v for all n.
Then E is a Grothendieck space.
Proof. Suppose that E is not a Grothendieck space. Since E has the σinterpolation property and E * has order continuous norm, it follows from Theorem 4.2 that there exists a disjoint sequence (u * n ) ∞ n=1 in (E * ) + such that u * n → 0 with respect to σ (E * , E) but, u * n 0 with respect to σ (E * , E * * ). By Lemma 4.1, by passing to a subsequence if necessary, we may assume that there is a δ > 0 such that for every finite set F ⊆ N there exists u F ∈ E + with u F E = 1 and u F , u * n ≥ δ for all n ∈ F . For each N ∈ N, define F N = n ∈ N : 2 N −1 ≤ n < 2 N and let u N = u F N for N ∈ N.
By hypothesis (a), for each N ∈ N there exists an R N ∈ G such that
where N is such that n ∈ F N . Furthermore, for each N ∈ N, the system
is disjoint, as R * N is a lattice homomorphism (by hypothesis). Therefore, the sequence (T * n u * n ) is finitely disjoint and u 0 , T * n u * n = T n u 0 , u * n ≥ δ, n ∈ N.
Hence, by Proposition 3.8, there exist a disjoint sequence
which contradicts the assumption that u * n k → 0 with respect to σ (E * , E) as k → ∞. This suffices for a proof of the theorem. 
which is a rearrangement invariant Banach function space with the Fatou property. It should be noted that the derivative ψ ′ (which exists in all but countably many points) always belongs to M ψ (and it is easily verified that ψ ′ M ψ = 1 − ψ (0+) /ψ (γ)). If ψ (0+) = 0, then ψ (t) = t 0 ψ ′ (s) ds, for 0 ≤ t < γ, and so, in this case the closed unit ball B M ψ of M ψ (0, γ) is also given by
It should be observed that if 1 < p < ∞ and ψ (t) = t 1−1/p , for 0 < t < γ, then the corresponding Marcinkiewicz space equals the weak-L p space L p,∞ (0, γ).
In this section we are interested in conditions on the increasing concave function ψ guaranteeing that M ψ (0, γ) is a Grothendieck space. The following two conditions on ψ will play an important role:
First we show that these conditions imply that the dual space M ψ (0, γ) * has order continuous norm. For the case that γ < ∞, the next result is due to Lozanovskii [15] . Proof. (i). Suppose that γ = ∞ and that (8) is satisfied. We claim that there is a constant β > 1 such that
Indeed, by first condition in (8) , there exist δ > 0 and β 1 > 1 such that
Similarly, the second condition in (8) implies that there exist R > δ and
Observing that ψ (2t) /ψ (t) > 1 for t ∈ [δ, R] (in fact, if t 0 > 0 is such that ψ (2t 0 ) /ψ (t 0 ) = 1, then, using that ψ is concave and increasing, it follows that ψ (2t) /ψ (t) = 1 for all t ≥ t 0 and so the second condition in (8) cannot be fulfilled), the claim follows. Suppose that u, v ∈ M ψ (0, ∞) + are such that u ∧ v = 0 and u M ψ = v M ψ = 1. Then u ≺≺ ψ ′ and v ≺≺ ψ ′ (see (7) ), and so it follows from
it follows from (10) that
This shows that M ψ (0, ∞) is quasi-uniformly convex and hence, by Proposition 3.9, the dual space M ψ (0, ∞) * has order continuous norm.
(ii). Suppose that γ < ∞ and that (9) holds. Then there exist δ ∈ (0, γ/2) and a constant β > 1 such that
follows that Λ ψ (0, γ) has order continuous norm, which implies that ψ (0+) = (i). Assume that condition (A) holds. Let β > 1 be such as in (10) . The main observation is that
for all 0 < t 1 < t 2 . Given t > 0, this implies that
and hence,
Since the function Ψ is decreasing and continuous (and so Ψ * = Ψ on (0, γ)), this implies that Ψ ∈ M ψ (0, ∞).
(ii). Assume that condition (B) holds. Let β > 1 and δ ∈ (0, γ/2) be such that (11) is satisfied. The same computation as used in (i) now shows that
which implies that Ψ ∈ M ψ (0, γ) (cf. the proof of (ii) of Proposition 5.1). The proof is complete.
A bijection σ : (0, γ) → (0, γ) such that both σ and σ −1 are measurable and m (σ −1 (A)) = m (A) for all (Lebesgue) measurable subsets A of (0, γ), will be called an automorphism of (0, γ). If σ is an automorphism of (0, γ), then the map T σ f = f • σ, for f ∈ M ψ (0, γ), defines a linear surjective isometry in any Marcinkiewicz space M ψ (0, γ) (in fact, (T σ f ) * = f * for all f ∈ S (0, γ)). The following lemma is the counterpart of Lemma 7 in [14] . Recall that S 0 (0, γ) denotes the space of all f ∈ S (0, γ) which satisfy f * (∞) = lim t→∞ f * (t) = 0. Note that, if γ < ∞, then S (0, γ) = S 0 (0, γ). (i) If g ∈ S 0 (0, γ) + is such that g (t) > 0 a.e. on (0, γ), then there exists an automorphism σ of (0, γ) such that g ≤ 2 (g * • σ) a.e. on (0, γ).
Assume now that the concave function ψ on (0, ∞) satisfies either condition (A) or (B) and let Ψ ∈ M ψ (0, γ) be defined by (12) .
(ii) If f ∈ M ψ (0, γ) + ∩ S 0 (0, γ), then there exists an automorphism σ of (0, γ) such that f ≤ 4 f M ψ T σ Ψ a.e. on (0, γ).
(iii) If f ∈ M ψ (0, γ) + , then there exists an automorphism σ of (0, γ) such that f ≤ 5 f ψ T σ Ψ.
It follows that
The proof is complete.
We are now in a position to prove the main result of this section. If T σ ∈ G, then T * σ and its inverse (T * σ ) −1 are both positive, so T * σ is a lattice homomorphism. Furthermore, by Lemma 5.5, for each f ∈ M ψ (0, γ) there exists a T σ ∈ G such that f ≤ f ψ T σ u 0 . Hence, condition (a) of Theorem 4.3 is fulfilled. To show that condition (b) also holds, let (f n ) ∞ n=1 be a disjoint sequence in [0, u 0 ] and let (T σn ) ∞ n=1 be a sequence in G. Defining the function v : (0, γ) → [0, ∞] by v (t) = sup n≥1 (T σn f n ) (t), for t ∈ (0, γ), we have to show that v ∈ M ψ (0, γ). For each k ∈ N, the distribution functions (see (1) satisfy
where the last inequality follows from the fact that f 1 , . . . , f n are mutually disjoint in [0, u 0 ]. This implies that
Since k n=1 T σn f n ↑ k v, it follows that v * ≤ u * 0 and hence, v ∈ M ψ (0, γ). It now follows from Theorem 4.3 that M ψ (0, γ) is a Grothendieck space.
Marcinkiewicz spaces on general measure spaces
We start this section with a general observation (Proposition 6.2), which will then be applied to the special case of Marcinkiewicz spaces. Let E (0, γ) be a fully symmetric Banach function space with the Fatou property on (0, γ), where 0 < γ ≤ ∞. As before, the interval (0, γ) is equipped with Lebesgue measure m. Given a σ-finite measure space (Ω, Σ, µ) with µ (Ω) = γ, define
and
The following result is well known and easy to prove (see e.g. [2] , Chapter 2, Theorem 4.9). Proof. The proof is divided into three steps.
Step 1. Suppose that the measure space (Ω, Σ, µ) is separable and atomless. There exists a measure preserving Boolean isomorphism φ from the measure algebra Σ µ of (Ω, Σ, µ) onto the measure algebra Σ m of λ on (0, γ). This isomorphism φ induces a bijective lattice isomorphism T φ : L 0 (µ) → L 0 (0, γ) satisfying (T φ f ) * = f * for all f ∈ L 0 (µ). From the definition of E (µ) it follows that the restriction of T φ to E (µ) is an isometrical isomorphism from E (µ) onto E (0, γ). Consequently, E (µ) has the Grothendieck property.
Step 2. Suppose that the measure space (Ω, Σ, µ) is separable. Consider the product space Z = Ω × [0, 1] equipped with the product measure µ × m on Σ × Λ (where Λ denotes the σ-algebra of all Lebesgue measurable subsets of [0, 1]). It is easily verified that µ × m is a separable atomless measure and so, by Step 1, the space E (µ × m) has the Grothendieck property.
Define
Since f ⊗ χ [0,1] * = f * for all f ∈ L 0 (µ), it follows that E 0 is also given by
The conditional expectation operator
is given by 1] g (x, s) ds, g ∈ L 1 + L ∞ (µ × m) .
Since the Banach function space E (µ × m) is fully symmetric, E (· | Σ × Λ 0 ) is a positive contractive projection in E (µ × m). It follows from (17) that its range is equal to E 0 and hence, E 0 has the Grothendieck property (being a complemented subspace of a space with the Grothendieck property; this follows easily via e.g. [18] , Proposition 5.3.10). Since E (µ) is isometrically isomorphic to E 0 , we may conclude that E (µ) has the Grothendieck property.
Step 3. Suppose now that (Ω, Σ, µ) is an arbitrary σ-finite measure space. It suffices to show that for any sequence (f n ) ∞ n=1 in E (µ) there exists a closed subspace F of E (µ) with the Grothendieck property such that f n ∈ F for all n (as follows from [18] , Proposition 5.3.10 in combination with the Eberlein-Smulian theorem; see also [14] , Lemma 9).
To this end, suppose that (f n ) is a sequence in E (µ). Let (B k ) ∞ k=1 be a disjoint sequence in Σ such that µ (B k ) < ∞ for all k and Ω = ∞ k=1 B k and let {r k } ∞ k=1 be an enumeration of Q. Let Σ 0 be the σ-algebra generated by the sets A k,n,m = B k ∩ {x ∈ Ω : f n (x) > r m } , k, n, m ∈ N, and let µ 0 be the restriction of µ to Σ 0 . Since Ω = k,m A k,1,m , it is clear that (Ω, Σ 0 , µ 0 ) is σ-finite. Furthermore, (Ω, Σ 0 , µ 0 ) is separable (as Σ 0 is generated by a countable collection). Consequently, by Step 2, the space E (µ 0 ) has the Grothendieck property. It is also clear that In other words,
as in (15) and (16) .
The following theorem is now an immediate consequence of Theorem 5.6 and Proposition 6.2. It should be noted that Lotz' result concerning weak-L p spaces is included in the above theorem. Proof. Defining ψ (t) = t 1−1/p for 0 < t < γ = µ (Ω), we have M ψ (µ) = L p,∞ (µ). Observing that ψ (2t) /ψ (t) = 2 1−1/p > 1 for all t, the claim follows immediately from Theorem 6.3.
